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Let K be the cubic subfield of a field of the 163rd root of unity. It is proved 
that the class number of K is 4. Moreover its Hilbert class field is given ex- 
plicitly. Also a system of the fundamental units is obtained. 
Let K be the cubic (cyclic) subfield of a field of the 163rd root of unity. 
First we give a defining equation of K. 
LEMMA 1. An equation 
f(X)=P-11X2-14X-l =o 
is a defining equation of K. Let E be a root of this equation. Then Z[e] is 
the ring of the integers of K, where Z is the ring of the rational integers. K 
has a unit with any signature condition. 
Proof Irreducibility of f(X) is clear. The discriminant of this equation 
is 1632. Therefore f(X) = 0 is a defining equation of K and Z[E] is the ring 
of the integers of K. This equation has a positive root and two negative 
roots. As they are units, K has a unit with any signature condition. 
LEMMA 2. K((E + 2)9 is an unramljied quadratic extension of K. 
ProoJ As 
f(X) = (X - 1)(X - 2)(X + 2) (mod 9, 
there exists only one prime divisor p of (5) such that 
c+2=0 (mod PI. 
As iVK(c + 2) = 25, (E + 2) = p2. There exists a prime divisor p’ of (5) 
such that 
E31 (mod p’). 
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Then E + 2 is not a quadratic residue mod p’. Therefore K((c + 2)‘ia) is 
a quadratic extension of K. As E + 2 is totally positive, infinite primes are 
not ramified in this extension. As (6 + 2) = p2, any prime divisor of K 
except (2) is unramified. Now (c2 + E + 1 + (E + 2)9/2 satisfies an 
equation 
X2 - (e” + E + 1) X + (40~~ + 46~ + 3) = 0. 
The discriminant of this equation is E + 2. Thus (2) is also unramified in 
this extension. 
THEOREM 1. The class number ofK is 4. K((E + 2)1/2, (E’ + 2)‘/“) is the 
Hilbert class field of K, where E, E’ are any two roots of the equation 
fQ = 0. 
Proof. Let E” be another root of f(X) = 0. As NK(c + 2) = 52, 
(E + 2)(c’ + 2) = s2/(8 + 2) is not a square in K. Therefore K((E + 2)“12, 
(E’ + 2)lj2) is an unramified biquadratic extension of K. Hence it is the 
Hilbert class field of K if the class number of K is 4. Let 
c5) = PlP2P3 
in K. The proof of Lemma 2 shows that pi2 - 1, where - means that 
both sides are in the same ideal class. If pi = (A) is principal, it holds 
E + 2 = h2p, 
where p is a totally positive unit. Lemma 1 shows such a unit is a square 
in K. This contradicts to the fact that E + 2 is not a square in K. Hence pi 
is not principal. As 
PlP2 -p3+ 1, 
the classes of H = (1, pl , p2 , p3} make a subgroup of order 4 of the ideal 
class group of K. Now Minkowski’s theorem shows that every ideal class 
of K has a representative a such that 
N,a < 163 * 3!/33 < 37. 
All the prime numbers smaller than 37 which split in K are 
5, 13, 17, 23, 31. 
Hence it is sufficient to show that any divisor of such primes is in the same 
class with some element of H. Let q be one of these primes. Let q be any 
prime divisor of q. If the class of q is in H, the class of any other prime 
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divisor q’ of 4 is also in H because q’ is a conjugate of q.‘The classes of the 
prime divisors of 13, 17, 23 and 31 are in H, because 
&(E - 2) = 5 * 13, 
NK(E + 3) = 5 * 17, 
N&E - 3) = 5 * 23, 
ivK(E - 11) = 5 -31. 
Remark 1. The proof above shows that no prime divisor of 13, 17, 23, 
and 31 is principal. 
THEOREM 2. Any two roots E, d of the equation f(X) = 0 are jiinda- 
mental units. 
ProoJ An analytic formula of the class number shows 
4 * 2sR/2 * 163 = L(l, x) L(l, J!J)>, 
where L(s, x) is an L-function corresponding to K and R is the regulator 
of K. If E, E’ and -1 generate a subgroup of index n of all the units in K, 
the absolute value of 
lo!2 I E I log I E’ I 
log ) E’ 1 log ( E” 1 
is equal to nR, where E” is another root off(x) = 0. Asymptotic calcula- 
tions of the above determinant and I L(1, X)1 show that n must be 1. 
Therefore E, E’ are fundamental units. In the above estimate we calculate 
as 
/ y x(n)/n j = 0.79 
Vkl 
and 
1 5 x(4/n j = 1 5 sW(+ - -&-) i < 0.05 n=n34 ?a=164 
because S(n) = Cz=, x(m) has an absolute value not greater than 8 for 
any n. 
Remark 2. A defining equation of K which is easy to find will be an 
Eisenstein-type equation 
X3 + 163X2 + 326X + 163 = 0. 
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Let 7~, rr’ be two roots of this equation. Then 7 = 7~ + 1, q’ = 7~’ + 1 are 
units, and it holds 
8 or E-~ = -fj/7j 
for some root E of f(X) = 0. 
We now give a criterion to find cubic cyclic fields with even class 
numbers. The following theorem will be somewhat generalized, but we 
state here the simplest case. 
THEOREM 3. Let p be a prime number such that p = 7 (mod 12). Then 
a field of the pth root of unity contains an imaginary cyclic subfield E of 
degree 6. Let K be a cubic sub$eld of E. If E has an even relative class number, 
K has also an even class number. 
Proof. Let H be the 2-part of the Hilbert class field of E. Then H/K 
is a Galois extension and it is not cyclic because E/K is not unramified. 
Hence there exists a subfield F of H such that F/K is an abelian extension 
of type (2,2). Let L be the inertia subfield of F/K with respect to p. As K 
has unique prime divisor of p and as F/K is abelian, p is unramified at 
L/K. It is clear that any other prime number is unramified at L/K. It is 
clear that L # K by considering the ramification index of p. If L is totally 
real, it shows that the class number of K is even. If K has a unit which is 
neither totally positive nor totally negative, the strict class number of K 
is equal to the class number of K and L must be totally real. Now we 
assume that L is not totally real. We can find an element (Y of K which is 
not totally positive such that ~8~ E L. Then (a) = a2 for some ideal a of 
K. If K has an odd class number, it holds a = @) for some element fl E K. 
If we put 01 = Q2, E is a unit of K which is not totally positive. As is 
shown above, E then must be totally negative. But then (iVK~)1/2 = ( -1)li2 
should be contained in H because His normal over the rationals. This is a 
contradiction as (2) is not ramified at H. Hence K must have an even class 
number. 
Remark 3. Among the prime numbers p < 500 such that p sz 7 
(mod 12), 163 is the only example satisfying the condition of the above 
theorem. 
